We compare relativistic mean field models with their low density expansion counterparts used to mimic non-relativistic models by consistently expanding the baryonic scalar density in powers of the baryonic number density up to O(13/3), which goes two orders beyond the order considered in previous works. We show that, due to the non-trivial density dependence of the Dirac mass, the convergence of the expansion is very slow, and the validity of the non-relativistic approximation is questionable even at subsaturation densities. In order to analyze the roles played by strangeness and isospin we consider n − Λ and n − p matter separately. Our results indicate that these degrees of freedom play quite different roles in the expansion mechanism and n − Λ matter can be better described by low density expansions than n − p matter in general.
I. INTRODUCTION
The properties of nuclear structure as well as the behavior of the nuclear matter equation of state (EOS) have been described over the years with a high degree of precision by phenomenological models. Two main categories of such models exist, namely the non-relativistic Hamiltonian-based functionals, and the relativistic Lagrangian-based ones.
To give a single example of their performance, the most sophisticated present empirical density functionals have attained an accuracy on nuclear mass reproduction below 0.5 MeV [1] , that is comparable to the best direct fits of mass tables [2] . Although present relativistic functionals cannot achieve yet this degree of accuracy it is important to mention that a rms deviation as low as 1.1 MeV was recently obtained within the density dependent meson coupling scheme [3] .
Given this impressive predictive power, one may expect that the extrapolation to nuclear matter properties should give consistent, reliable and model-independent results. Indeed, with the continuous development of phenomenological models and the increasing quality of experimental and observational data in the last decade, the uncertainty interval associated to the empirical parameters of the equation of state, is progressively shrinking [5] [6] [7] [8] [9] . These parameters give the first coefficients of a Taylor expansion of the energy functional around the saturation density of symmetric matter, ρ 0 , and allow for a complete description of the equation of state close to this particular density value [4] .
However, the average value of the empirical parameters shows some systematic differences depending on the fact that the constraints are reproduced using non-relativistic [5, 6] or relativistic [8] functionals; consequently, the predictions for nuclear matter and astrophysical observables also differ [10, 11] . This fact is particularly striking if we consider that these differences do not only concern the high density part of the EOS, which requires an important extrapolation from the density region where experimental information exists; systematic differences exist also at densities below [10] or around [11] saturation, where in principle a relativistic theory should converge towards the non-relativistic limit [12] , and moreover a phenomenological functional is by definition strongly constrained by the imposed data fit.
A particular interesting aspect concerns instability properties, which determine the nuclear liquid-gas phase transition as well as the neutron star crust-core transition. Relativistic and non-relativistic models significantly differ in their qualitative predictions for the spin-odals and binodals in asymmetric nuclear matter [10, 13] . The same is true for the more exotic neutron-Λ mixture: a strangeness driven phase transition is observed in a large portion of the parameter space [14] when a Skyrme-based non-relativistic functional is used, while no instability was found within the relativistic mean-field in refs. [15, 16] . This qualitative difference is observed in spite of the fact that the same constraints are applied to the two classes of models, and a liquid-gas phase transition at low density exists in both cases [17, 18] .
These facts suggest that, independent of the numerical value of the parameters and coupling constants, the density dependence of the functional is qualitatively different in relativistic and non-relativistic models even at very low densities.
One conceptual difference comes from the fact that non-relativistic Skyrme based functionals are complemented by density dependent terms with non-integer powers of density, which effectively simulate many-body effects and cannot be derived from an underlying effective interaction. Such terms bring correlations among the nuclear empirical parameters and are not present in the relativistic formulation [19] . Another source of difference comes from the effective masses, which are systematically lower in relativistic models, due to the strong cancellation between the large scalar and vector potentials. Because of the well-know correlation between the effective mass at saturation and the spin-orbit splitting [20] , a fit on nuclear masses systematically produces low effective masses unless tensor coupling terms are added in the effective Lagrangian [21] or energy dependence is included in the effective masses [22, 23] . Finally, the nature itself of the Dirac effective masses implies a very complex implicit density dependence due to the scalar field coupling. This is deeply different from the explicit density dependence of the Landau mass which renormalizes the kinetic term in a non-relativistic formulation. It is therefore possible that even in the low density classical limit, the functional dependence of the relativistic energy density, might be too complex to be obtained from a low density expansion with a small number of parameters.
To progress on these issues, in this paper we develop a systematic low density expansion of the scalar density in powers of the baryonic density, and deduce the corresponding low density expansion of the original relativistic mean-field (RMF) energy functional. The expansion technique was originally developed in Ref. [24] , and later applied to the study of asymmetric nuclear matter in Refs. [13, 25] .
It is interesting to observe that a satisfactory description of RMF models can be ob-tained if a density expansion is performed around saturation density, as recently proposed in Ref. [26] . However, the polynomial expansion of Ref. [26] is an empirical prescription allowing one to describe different families of models within a unique flexible functional, and does not correspond to a non-relativistic limit of the RMF model. On the contrary, the low density expansion can also be viewed as a relativistic expansion in the parameter k F /m * [24] , and therefore allows to quantify the deviation between a relativistic model and its non-relativistic limit.
Here, our first goal is to consider n−Λ baryonic matter in order to analyze how strangeness affects the low density expansion. To the best of our knowledge such a study has not been carried out before despite its importance regarding, e.g., strangeness driven phase transitions.
Our second goal is to re-examine the isospin dependence of the nuclear functional by performing a systematic expansion which incorporates higher order contributions, which should be able to naturally improve many of the results and circumvent some of the problems found in Refs. [13, 25] , which will be discussed in future sections.
With respect to the results found in Ref. [13] , we remark that the expansion performed here represents a more consistent approach since in that paper the nucleon effective masses was taken as being the exact result while in the present application they are expanded to the relevant perturbative order.
In the ideal case where the expansion series is fully resummed, the corresponding functional is identical to the RMF by construction. However, a non-relativistic functional is characterized by a finite number of parameters, corresponding to the truncation of the expansion to a finite order. The deviations observed between the original RMF and the expansion truncated at a finite order thus represent the intrinsic difference between relativistic and non-relativistic formulations, due to the specific functional dependence of the Dirac effective mass.
The amount of the deviation will obviously depend on the number of terms retained, on the baryonic density interval of the comparison, and on the specific form of the Lagrangian.
In this work, the convergence of the expansion is studied both for n − Λ and n − p matter, and we especially focus on the determination of the number of orders needed to recover the correct behavior of the spinodal borders.
We show that the convergence of the energy density is relatively fast if we limit ourselves to the sub-saturation regime, in agreement with the results of Ref. [25] . However, a very high number of terms is needed to get a convergence of the energy per particle and the chemical potentials, inducing strong and qualitative differences on the instability properties between the complete functional and its non-relativistic approximation. Surprisingly, the slow convergence of the series is kept even if we consider models with density dependent couplings.
For the analyses of the n − Λ matter, a linear RMF model is used with the inclusion of the usual scalar and vector fields related to the σ and ω mesons plus the scalar and vector strange fields, associated with the σ * and φ mesons, as in [18, 27, 28] . As protons are excluded from this analyses, the vector-isovector field corresponding to the ρ meson is not considered.
As for the n−p case, a non-linear RMF model is used and all the fields that can affect the effective mass and the energy functional are considered, i.e., the scalar-isoscalar σ meson, the vector-isoscalar ω meson, the vector-isovector ρ meson and the scalar-isovector δ meson [8] .
This paper is organized as follows: in Section II, the complete formalism used for n − Λ matter within the RMF model is reviewed and the expansion expressions are explicitly written, the numerical results are displayed and commented. For n − p matter the formalism is introduced and the results are presented in Section III. The final conclusions are summarized in Section IV.
II. n − Λ MATTER
To describe meson mediated baryonic interactions between the neutron and the (strange) Λ baryon let us consider the relativistic Lagrangian density
where the free baryonic term is given by
The free mesonic term is represented by
represent σ and σ * are scalar mesons while ω and Φ represent vector mesons. The interactions between baryons are mediated by meson exchanges through Yukawa vertices as described by
where g iΛ = χ iΛ g in , with the mesons denoted by i = σ, ω, σ * , φ while χ iΛ is a numerical factor to be defined below. The last term in Eq. (4) shows that hyperonic and nucleonic degrees of freedom are treated in an asymmetric fashion since the former type of baryon can self interact via two extra channels (mediated by the strange mesons σ * and φ).
Another approach that has been shown to provide a good description both in nuclear matter and finite nuclei applications is the one in which the couplings between baryons and mesons depend on the medium density. The original prescription [29] was improved while the applications were developed, and in the present work we choose the parametrization of the density dependent hadronic model with δ mesons, known as DDHδ [30, 31] , which was shown to satisfy many experimental [8] and astrophysical constraints [9] . As already said, neither ρ nor δ mesons are included in the study of n − Λ matter, but they will be used next when n − p matter is investigated. Within this approach, the couplings in Eq.(4) are replaced by
where
with ρ 0 representing the nuclear saturation density while a i , b i , c i and d i are constants that fit some DBHF calculations and finite nuclei properties, and Γ iΛ = χ iΛ Γ in .
A. Mean Field Results at zero temperature
Using standard mean field approximation techniques the relevant results may be expressed in terms of scalar and vector densities as well as mean field values. We can now define the and
At this point it is important to recall that a first order phase transition is signaled by an instability in the mean-field thermodynamic total energy density, E, which can be depicted in terms of a spinodal area whose determination can be achieved by defining the so called curvature matrix, C. This matrix is associated to the scalar function E at a point denoted by P ∈ (ρ n × ρ Λ ) while its elements are the second derivatives of E with respect to each independent variable, ρ b . In our case the curvature matrix is just a 2 × 2 matrix with elements [14, 18, 25] :
where b, b = n, Λ, whose eigenvalues and eigenvectors acquire a geometric meaning if P is a critical point. We can solve their roots explicitly and they read:
and
where Det (C) = λ 1 λ 2 and Tr (C) = λ 1 + λ 2 . To build the spinodal area, the modulus of the negative eigenvalue is used for each possible combination of neutron and Λ densities. For more details, we refer the reader to the papers just cited as well as to Ref. [32] . As Eq. (18) shows, the knowledge of the chemical potentials given by Eqs. (16) and (17) is necessary for the determination of the spinodal region.
For our purposes it is convenient to express the energy density in terms of the scalar and baryon number densities as
is the single particle energy density.
In all equations above, when the DDHδ model is used, the substitution given in Eq. (5) has to be done. The chemical potentials, however, are modified by a rearrangement term given by [15] :
which, after the equations of motion given in Eqs. (9)- (12) are used to replace the fields by the corresponding densities, can be rewritten as:
Then, the chemical potentials become:
B. Low density expansion
To make contact with non relativistic model, which depends only on ρ, one may perform the integral in Eq. (7) and then expand the result in powers of ρ [24] . In principle, using a computing software such as Mathematica R one may easily perform such an expansion to arbitrarily high orders. Here, as already emphasized we expand the scalar density up to order-ρ 13/3 obtaining
and c 5 = −189(3π 2 ) 10/3 /3328.
The next step is to substitute this expansion into Eq. (21) and then consistently reexpand to the desired order in ρ b . Also it is convenient to define the dimensionful (eV
In terms of the bare baryonic masses, the order-ρ 13/3 scalar densities become
One can then define the power expansion for the energy density as
b /M b is the kinetic energy while the dynamics is described by the power series E pot (ρ b ) = 13 k=6 E k/3 whose individual terms read:
It is important to stress that much simpler functional forms are supposed in the case of phenomenological non-relativistic functionals, both in the case of zero range Skyrme and finite range effective interactions. As a consequence, a mapping between the two formalisms can only be done in the density region where Eq.(32) can be approximated by retaining a limited number of terms.
The explicit expansion of the rearrangement term, necessary for the analyses of the DDHδ model, up to order-ρ 13/3 , is given in the appendix.
C. Numerical Results
We start by studying the convergence of the expansion in n − Λ matter. For this purpose, we use the linear parametrization of the Walecka model also used in Ref. [18] and fix the couplings such that the constraints imposed in Ref. [16] As one can see, up to ρ ≈ 0.25fm −3 , the agreement is very good when terms of order-ρ As already emphasized, the scalar density plays an essential role regarding our low density evaluations, so it is important to look at its power expansion in some detail. In Fig. 2 we plot the order-ρ 13/3 expansion predictions for this quantity showing that the approximation performs remarkably well for the ρ s Λ case in the full density range considered in that figure but starts to deviate around 0.1 fm −3 for the neutrons. This suggests that the extra interaction, mediated by the σ * meson, plays a major role as far as the convergence of the scalar density power series is concerned. We point out that the same degree of agreement is observed in the density behavior of the energy density (not shown).
In order to examine the convergence properties of the expansion, and appreciate the importance of the relativistic effects on the EOS, we now look at the (order by order) binding energy expansion defined as B/A − M n (MeV) = E/ρ − M n (MeV) when Y Λ = 0.5.
Each curve in Fig.3 contains the mentioned order plus the previous ones so that the O(ρ 13/3 ) curve includes the whole expansion up to this order and this is the result we use next, to compare with the RMF calculation. The degree of reproduction of the exact RMF is satisfactory at least up to saturation density.
Finally, if one is interested in studying instabilities at sub-saturation densities, the spinodal is the quantity of interest. On the left panel of Fig. 6 , the spinodal sections, obtained from RMF and from the low density expansion at orders ρ 10/3 , ρ 11/3 , and ρ 13/3 are plotted.
As one can see the expansion displays a nice oscillatory convergence behavior and the curves practically coincide at orders ρ 11/3 and ρ 13/3 . The right panel of the same figure shows that the agreement is less spectacular for the orders considered here. We believe that the observed deviation is due to the fact that the scalar densities play a more important role in density dependent models through the rearrangement term, which is part of the chemical potentials. From the above discussion, related to Fig. 2 , we recall that the neutron scalar density stops converging still at quite low densities. It is then fair to say that the expansion works slightly better for the n−Λ model with fixed couplings than for the density dependent model, with consequences in the spinodal boundary.
III. n − p MATTER
In order to examine isospin effects we now turn our attention to n − p matter whose low density expansion was originally analyzed in Refs. [13, 25] where terms of order-ρ 11/3 have been considered while here we extend the same expansion to order-ρ 13/3 so that eventual discrepancies found in those works may now be identified as being due to the poor convergence of the lowest order contributions considered. Then, in order to get a better insight on the low density expansion properties it will be instructive to highlight the differences between our (higher order) power series and the ones considered in those seminal works. One general nonlinear finite range RMF model, introduced by Boguta and Bodmer [33] that describes nuclear matter is represented by the following Lagrangian density:
To keep the notation consistent with the one used in the previous n − Λ case one can write the free baryonic and mesonic terms as
and respectively. The Yukawa type of interactions are given by
while (non linear) self mesonic interactions are described by
Note that contrary to the n − Λ, analyzed previously, within this Lagrangian density the baryons do not necessarily need to be distinguished, when their bare mass difference is neglected, since they interact through the same mesons j = σ, δ, ω, and ρ. Nevertheless, to be consistent with the previous section as well as for generality reasons we have chosen a notation which distinguishes M p and M n despite the fact that in our numerical evaluations we use the same numerical input for both (bare) masses. Notice also that we have opted to use the notation presented in Ref. [13] instead of the one in Ref. [34] for the couplings and we always take the isospin projection τ 3 = ±1 respectively for protons and neutrons. Then, after applying the mean field procedure for the calculation of the equations of motion for the meson fields one obtains the following expectation values:
Once again, to keep in line with the previous notations, we have defined scalar and vector densities, appropriate to treat the n − p case, as
where ρ s b and ρ b can be trivially obtained from Eqs (7) and (8) upon considering b = n, p.
We can also define the effective nucleon masses as
and the chemical potentials as
Note the effect of the meson δ, which splits the effective masses M * p and M * n . For symmetric nuclear matter δ (3) vanishes, since ρ sp = ρ sn , and consequently, M * p = M * n . For the purpose of the present work, the energy density is required and reads:
where the single particle energy, b , can be readily obtained from Eq. (22) upon considering
Once again, we exploit the DDHδ model for n − p matter. In this case, the DDHδ parameterization has the same coupling parameters as in Eq. (6) for the mesons σ and ω, but functions
for the isovector mesons j = ρ, δ. In this case, the rearrangement term reads
which can be rewritten in terms of the densities after the equations of motion are used to replace the mesons fields as
whose order-ρ 13/3 is explicitly given in the appendix.
Within the n − p case the chemical potentials, for the DDHδ model read
A. Low density expansion
In previous works [13, 25] , low density expansions were also calculated for n − p matter, but we would like to point out some important differences. As already mentioned above, in
Ref. [13] , the effective mass was taken as the exact RMF result, not providing a completely consistent picture since the expansion was not carried out in a consistent fashion. Also, only the energy density was analyzed in that work and no analysis of the spinodal instabilities was performed. Moreover, the expansions performed in Ref. [25] have two orders less than the ones attained here. Nevertheless, the expansion coefficients are in agreement (up to the maximum order considered in Ref. [25] ). Let us start by defining
The neutron effective mass can be written as
while the proton effective mass reads
From the above expansions for the effective masses the reader can appreciate a further difference between our order-ρ 10/3 expansion and the order-ρ 8/3 performed in Ref. [25] .
Note that such a difference arises precisely in the order-ρ 3 term which is proportional to
σ so that, in practice, the quartic σ self interaction present in the non linear term, Eq. (45), has been completely neglected in Ref. [25] . Moreover, note that at this same order we have f m which is of order-a 2 while in Ref. [25] the maximum contribution from the non linear aσ 3 term is of order-a only.
The σ expectation value is given by the non linear self consistent Eq. (46) so that in Ref.
[25] the authors choose to use a low density approximation to solve it by considering the
) and thus neglecting the term proportional to bσ 3 . This is an inappropriate course of action if one wishes to describe higher order contributions so that here we shall refrain from carrying out further approximations in order to solve Eq. (46) which is be treated in a fully consistent way according to the order we are working with.
Let us now expand the nucleonic scalar densities up to order-ρ 13/3 starting with the one which describes the neutron:
In the same fashion the proton scalar density reads: As in the n − Λ case, we investigate the convergence of the expansions by plotting the effective masses in Fig. 7 , the scalar densities in Fig. 8 and the binding energy in Fig. 9 for two different values of the proton fraction. Note that if we had plotted the energy density, the results obtained in Fig. 2 of Ref. [25] would be reproduced. DDHδ model is also expanded in terms of the scalar densities when the low density expansion curves are displayed, which results in quite a good convergence, as compared with the results obtained from the RMF with fixed couplings.
The spinodal sections, obtained from RMF and from the low density expansions are also plotted in Fig.11 .
Exactly as we have anticipated when examining the effective masses one observes that the slow convergence of the chemical potentials for the RMF model leads to a rather poor estimation of the spinodal zone when compared to the DDHδ model. But even in the latter case a sizeable difference appears in the spinodal borders even at order-ρ 13/3 . Nevertheless, our results represent a great improvement over the order-ρ 11/3 results obtained in Ref. [25] .
IV. CONCLUSIONS
In the present paper we have revisited the low density expansions of RMF models up to higher orders and in a more consistent way than the ones already existing in the literature. Both n − Λ and n − p matter were investigated with the help of a RMF model with fixed couplings and a density dependent coupling model. We conclude that the isospin and strangeness degrees of freedom play quite different roles, based on the observations described below.
For n − Λ matter, when we compare both models with their low density expansions, we have seen that the effective mass is very well described up to 0.25 fm −3 , but the Λ scalar density is better described than the neutron scalar density. When we check the binding energy expansions order by order, we see that they show a convergent behavior, but when we look at the binding energy, we see that the the expansions stop converging before saturation density. Due to the new scale, we can see that what seems a small noise in the analyses of the energy density, becomes a bigger problem. The chemical potentials, on the other hand, converge very well, but when we use their derivatives to obtain the spinodals, the DDHδ model is not reproduced due to the fact that the the rearrangement term depends on the scalar densities, not well reproduced by the expansions. Hence, our results indicate that the strange (Λ) sector is better described by the low expansion than the nucleonic (n) sector.
Also, we observe that the spinodal contour predicted by our approximation is in excellent agreement with the one predicted by RMF when the couplings do not depend on the density.
For n − p matter, the δ meson was incorporated and it seems to play an important role, so that the expansion is worse if asymmetric matter is considered. Despite of this problem we have been able to show that the poor results for the spinodal region obtained in Ref. [25] can be significantly improved by considering two higher orders terms within the low density expansion. On the other hand, and contrary to our expectations, we could not make any considerable improvement in previous results for the binding energy published in Ref. [13] .
As a global conclusion, we can say that an expansion in powers of the density does not seem to provide a satisfactory mapping between relativistic and non-relativistic models at any density for all physical quantities. This result highlights the strong conceptual difference between an interaction picture and a meson exchange picture, with relativistic effects playing a role even at densities well below nuclear saturation. 
